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COINCIDENCES OF DIVISION FIELDS
HARRIS B. DANIELS AND A´LVARO LOZANO-ROBLEDO
Abstract. Let E be an elliptic curve defined over Q, and let ρE : Gal(Q/Q) → GL(2, Ẑ) be the
adelic representation associated to the natural action of Galois on the torsion points of E(Q). By a
theorem of Serre, the image of ρE is open, but the image is always of index at least 2 in GL(2, Ẑ) due
to a certain quadratic entanglement amongst division fields. In this paper, we study other types of
abelian entanglements. More concretely, we classify the elliptic curves E/Q, and primes p and q such
that Q(E[p])∩Q(ζqk) is non-trivial, and determine the degree of the coincidence. As a consequence,
we classify all elliptic curves E/Q and integers m,n such that the m-th and n-th division fields
coincide, i.e., when Q(E[n]) = Q(E[m]).
1. Introduction
Let E/Q be an elliptic curve, let n > 1 be an integer, let Q be a fixed algebraic closure of Q,
and let Q(E[n]) ⊂ Q be the n-th division field, i.e., Q(E[n]) is the field of definition of the n-torsion
subgroup E[n] ⊆ E(Q). The absolute Galois group of Q, hereby denoted by GQ = Gal(Q/Q), acts
on E[n] and induces a Galois representation ρE,n : GQ → Aut(E[n]) ≃ GL(2,Z/nZ). If p is a prime,
then GQ acts on the Tate p-adic module Tp(E) = lim←−E[p
n], and on the Ẑ-module T (E) = lim←−E[n],
and induces p-adic representations ρE,p∞ : GQ → GL(2,Zp), and an adelic Galois representation
ρE : GQ → Aut(T (E)) ≃ GL(2, Ẑ).
There has been much recent work and interest in understanding the image of the various Galois
representations mentioned above (see for example [21, 19, 26, 27, 24]).
Famously, Serre [21] showed that if E/Q has no complex multiplication, then the image GE of ρE
is open (therefore, of finite index) in GL(2, Ẑ). Further, it is well-known (pointed out by Serre in [21],
Proposition 22) that the index dE = [GL(2, Ẑ) : GE ] ≥ 2. Indeed, if ∆E is the minimal discriminant
of E/Q, then Q(
√
∆E) ⊆ Q(E[2]) and there is also some m > 2 (the integer m = 4|∆E | works) such
that Q(
√
∆E) ⊆ Q(ζm) ⊆ Q(E[m]), so that Q(E[2]) ∩ Q(ζm) is a non-trivial quadratic extension
of Q, and therefore Gal(Q(E[2], ζm)) ( Gal(Q(E[2])/Q) × Gal(Q(ζm)/Q). This entanglement of
division fields causes the index dE to be at least 2. When the index dE is exactly 2, then we say
that E is a Serre curve, and these have been studied in [17, 18, 6], for instance.
It is therefore natural to study other types of entanglements of division fields that would cause
dE to be strictly larger than 2. For instance, Brau and Jones [2] have classified all elliptic curves
E/Q such that Q(E[2]) ⊆ Q(E[3]). In this paper, we consider the following question:
Question 1.1. Fix an elliptic curve E/Q, and distinct integers n,m ≥ 2:
(1) Are there distinct integers n,m ≥ 2 such that Q(E[n]) = Q(E[m])?
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(2) In light of the entanglement described above, are there distinct prime numbers p and q, and
k ≥ 1, such that Q(E[p]) ∩Q(ζqk) is non-trivial?
If so, can we classify all the elliptic curves E for which (1) or (2) occurs? Note that (1) can be
interpreted vertically (in towers, i.e., n divides m) or horizontally (gcd(n,m) = 1). We will address
both possibilities.
There has been prior work on abelian entanglements related to Question 1.1, part (2). In [12],
Gonza´lez-Jime´nez and the second author classified all elliptic curves such that the full n-th division
field Q(E[n]) is an abelian extension of Q. More generally, Chou [3] has classified the torsion
subgroups E(Qab)tors that can occur for elliptic curves E over Q, where Q
ab is the maximal abelian
extension of Q within a fixed algebraic closure. Here we shall extend these works by studying the
possibilities for Q(E[p]) ∩Qab.
It is worth noting that, by results of [10, 17], almost all elliptic curves are Serre curves (that
is, dE = 2). In particular, for almost all elliptic curves E/Q we have that Gal(Q(E[n])/Q) ≃
GL(2,Z/nZ), for all odd n ≥ 2, and so comparing their degrees one can see that there are no
m 6= n ≥ 2 such that Q(E[n]) = Q(E[m]). Similarly, it follows that for a Serre curve Q(E[p])∩Q(ζqk)
is always trivial for all odd primes p 6= q, and all k ≥ 1. Thus, examples of coincidences of division
fields should be somewhat rare. Nonetheless, with a simple search one can find some examples of
such behavior.
Example 1.2. Let E be the elliptic curve with Cremona label 486d2 which is given by y2 =
x3 + 405x− 9882, and let L be the splitting field of x3 + 3, i.e., L = Q(ζ3, 3
√
3), with ζ3 a primitive
3-rd root of unity. Then, as we shall see below,
Q(E[2]) = Q(E[3]) = Q(E[6]) = L.
Example 1.3. Let E be the elliptic curve with Cremona label 40a4 which is given by y2 = x3 +
13x− 34. A simple computation shows that
E(Q)tors = 〈(7,−20)〉 ≃ Z/4Z.
Moreover, we have x3 + 13x − 34 = (x− 2)(x2 + 2x+ 17), where the discriminant of the quadratic
factor is −64, and so Q(E[2]) = Q(i). Next, factoring the 4-division polynomial of E we obtain
f4(x) = 8(x− 7)(x − 2)(x + 3)(x2 − 2x+ 5)(x2 + 2x+ 17)(x2 + 6x+ 109)
which splits completely over Q(i) and, further, one can verify that Q(x(E[4])) = Q(E[4]). Thus,
E(Q(i))tors = 〈(7,−20), (−3 − 10i, 30 + 10i)〉 ≃ Z/4Z× Z/4Z.
Therefore, Q(E[2]) = Q(E[4]) = Q(i). Stevenhagen asked when can one haveQ(E[2n]) = Q(E[2n+1])
and Rouse and Zureick-Brown comment in a recent paper (see [19, Remark 1.6]) that, as a conse-
quence of their work, this can only happen for n = 1 (that is, for Q(E[2]) = Q(E[4])), and give some
examples.
Our first result addresses Question 1.1 in the setting of towers.
Theorem 1.4. Let E be an elliptic curve defined over Q, let p a prime, and let n ∈ N.
(1) Suppose that Q(E[pn+1]) = Q(E[pn]). Then, p = 2, n = 1, and there is a rational number
t ∈ Q such that E is isomorphic over Q to an elliptic curve of the form
Et : y
2 = x3 +A(t)x+B(t),
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where
A(t) = −27t8 + 648t7 − 4212t6 − 2376t5 + 60102t4 + 79704t3 − 105732t2 − 235224t − 107811,
B(t) = 54t12 − 1944t11 + 24300t10 − 97848t9 − 251262t8 + 1722384t7 + 4821768t6
− 8697456t5 − 64323558t4 − 140447736t3 − 157012020t2 − 90561240t − 21346578.
(2) If Q(E[pn]) ∩Q(ζpn+1) = Q(ζpn+1), then p = 2.
Theorem 1.4 will be shown in Section 3. Interestingly, Q(E[2n])∩Q(ζ2n+1) = Q(ζ2n+1) can indeed
occur for all n > 1, as we will show at the end of Section 3.3 (see Theorem 3.9).
Theorem 1.5. Let E be the elliptic curve with Cremona label 32a3, which is given by y2 = x3 −
11x− 14. Then, Q(ζ2n+1) ⊆ Q(E[2n]) for all n > 1.
Our next theorem addresses Question 1.1 in a horizontal way, answering the question for the
intersection of prime division fields for two different primes.
Theorem 1.6. Let E/Q be an elliptic curve and let p < q ∈ Z be distinct primes, and let n,m ∈ N.
(1) If Q(E[pn]) = Q(E[qm]), then pn = 2 and qm = 3. Further, there is some t ∈ Q such that E
is Q-isomorphic to
E′ : y2 =x3 − 3t9(t3 − 2)(t3 + 2)3(t3 + 4)x
− 2t12(t3 + 2)4(t4 − 2t3 + 4t− 2)(t8 + 2t7 + 4t6 + 8t5 + 10t4 + 8t3 + 16t2 + 8t+ 4)
or its twist by −3.
(2) Let Kp(E) = Q(E[p]) ∩ Qab. Then, Gal(Kp(E)/Q) ≃ (Z/pZ)× × C, where C is a cyclic
group of order dividing p− 1. Further, if E/Q does not have a rational p-isogeny, then C is
trivial or quadratic and Kp(E) = F (ζp) with F/Q a trivial or quadratic extension.
(3) In particular, if Q(ζqn) ⊆ Q(E[p]), then either Q(ζqn) = Q, Q(i), or Q(ζ3), or E/Q has a
rational p-isogeny, p = 2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, or 163, and ϕ(pn) divides p− 1.
For example, the curve E/Q : y2+xy+y = x3−x2−2x−26, with Cremona label 405d1, satisfies
Q(ζ9) ⊆ Q(E[7]). Finally, our third theorem deals with the particular case of abelian division fields.
Theorem 1.7. Let E/Q be an elliptic curve and let n > m ≥ 2 be integers, such that Q(E[n])/Q
is an abelian extension.
(1) If Q(E[n]) = Q(E[m]), then m = 2, n = 4, and for some t ∈ Q, E/Q is Q-isomorphic to
y2 = x3 + (−432t8 + 1512t4 − 27)x+ (3456t12 + 28512t8 − 7128t4 − 54).
In this case, Q(E[2]) = Q(E[4]) = Q(i).
(2) Let p be prime, such that Q(E[p])/Q is abelian, and let q 6= p be another prime. Then,
Q(E[p]) ∩ Q(ζqk) can be trivial, quadratic, cyclic cubic (for p = 2), or cyclic quartic (for
p = 5).
For example, let E/Q : y2 = x3 − x2 − 4319x + 100435, with Cremona label 18176r2. Then,
Gal(Q(E[5])/Q) ≃ (Z/4Z)2, and Q(E[5]) = F (ζ5) is the compositum of Q(ζ5) and a cyclic quartic
field F ⊆ Q(ζ16).
It is worth pointing out that the family of elliptic curves that appears in part (1) of Theorem
1.4 is a parametrization of the modular curve X20b from [19]. Similarly, the family that appears in
part (1) of Theorem 1.7 is X60d. Interestingly, X60d parametrizes a subfamily of X20b (see Remark 3.6
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for more on this). The family that appears in Theorem 1.6 will be constructed in the proof of the
theorem at the end of the paper.
Any computations done in this paper have been done using Magma [1] and some code used in
this paper was adapted from code written for [6, 7, 8, 16, 25]. For the ease of the reader, anytime
a specific elliptic curve is mentioned, we refer to the curve by Cremona reference and include a link
to the corresponding LMFDB [13] page.
The structure of the paper is as follows. In Section 2 we introduce the necessary background
about Galois representations. Section 3 contains the proof of Theorem 1.4. We first prove the
theorem for odd primes in Section 3.1, in Section 3.2 we use [19] to settle the case of p = 2 for
non-CM curves, and in Section 3.3 we deal with the case of p = 2 in the CM case using results from
[16]. In Section 4 we show Theorem 1.7, relying on results from [12]. In Section 5 we examine the
fields Q(E[p]) ∩Qab so that finally, in Section 6 we can prove Theorem 1.6.
Acknowledgements. The authors would like to thank Filip Najman for helpful comments on an
earlier draft of this paper, and the anonymous referees for their helpful comments and suggestions.
2. Galois Representations associated to Elliptic Curves
In this section we cite a number of key results that we will use in the following sections. Let
E/Q be an elliptic curve. For a prime number p, we define the p-adic Tate module of E/Q by
Tp(E) = lim←−E[p
n], where the inverse limit is taken with respect to the multiplication-by-p maps
[p] : E[pn+1] → E[pn]. The absolute Galois group of Q acts on Tp(E), and induces a Galois repre-
sentation
ρE,p∞ : Gal(Q/Q)→ Aut(Tp(E)).
If we choose a Zp-basis of Tp(E), then we may consider ρE,p∞ : Gal(Q/Q) → Aut(Tp(E)) ≃
GL(2,Zp), and we are interested in describing the image of ρE,p∞ in GL(2,Zp). Much is known
about the image of ρE,p, most notably Serre’s so-called open image theorem.
Theorem 2.1 (Serre, [21]). Let E/Q be an elliptic curve without complex multiplication and, for
each prime p, let Gp ⊆ GL(2,Zp) be the image of ρE,p∞. Then, Gp is an open subgroup of GL(2,Zp)
for every p (in particular, the index is finite), and Gp = GL(2,Zp) for all but finitely many primes.
In a recent article [27], Zywina has determined (up to a finite number of j-invariants) a finite list
of all possible indices that may occur for the image of the representation ρE : Gal(Q/Q)→ GL(2, Ẑ)
that results as inverse image of ρE,n : Gal(Q/Q)→ Aut(E[n]) ≃ GL(2,Z/nZ).
Rouse and Zureick-Brown have classified all the possible 2-adic images of ρE,2∞ : Gal(Q/Q) →
GL(2,Z2), and Sutherland and Zywina have conjectured the possibilities for the mod p image for
all primes p.
Theorem 2.2 (Rouse, Zureick-Brown, [19]). Let E be an elliptic curve over Q without complex
multiplication. Then, there are exactly 1208 possibilities for the 2-adic image ρE,2∞(Gal(Q/Q)), up
to conjugacy in GL(2,Z2). Moreover, the index of ρE,2∞(Gal(Q/Q)) in GL(2,Z2) divides 64 or 96,
and every image is defined at most modulo 32.
Conjecture 2.3 (Sutherland, Zywina, [26]). Let E/Q be an elliptic curve. Let G ⊆ GL(2,Z/pZ)
be the image of ρE,p. Then, there are precisely 63 isomorphism types of images.
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Let us now include here some elementary results that we will use in our proofs in the next section.
First, the existence of the Weil pairing implies that the roots of unity Q(ζn) are contained in the
n-th division field.
Proposition 2.4. Let E/Q be an elliptic curve, let n be a positive integer. Then, det(ρE,n) = χn
is the n-th cyclotomic character. In particular, if we let ζn be any primitive n-th root of unity, then
Q(ζn) ⊆ Q(E[n]), and for any σ ∈ Gal(Q/Q) we have σ(ζn) = (ζn)det(ρE,n(σ)).
Proof. See [23, Chapter III, Corollary 8.1.1] and [5, Lecture 6 Theorem 6.3]. 
Corollary 2.5. Let E/Q be an elliptic curve, let p > 2 a prime, let m,n ≥ 1, and suppose that
Q(ζpn) ⊆ Q(E[m]). Let σ ∈ Gal(Q/Q) be such that its restriction to Q(ζpn) generates the cyclic
group Gal(Q(ζpn)/Q). Then, the image of σ through ρE,m is an element of order divisible by ϕ(p
n) =
pn−1(p− 1).
Proof. This follows immediately from Proposition 2.4, and the fact that if Q(ζpn) ⊆ Q(E[m]), then
the restriction map of Galois groups Gal(Q(E[m])/Q) → Gal(Q(ζpn)/Q) ≃ (Z/pnZ)× is surjective,
and (Z/pnZ)× is cyclic because p > 2. 
Central to many of our arguments will be the fact that Q(ζn) ⊆ Q(E[n]), but in order to prove
Theorem 1.6 we will need to better understand the fields of the form KE(p) = Q(E[p]) ∩ Qab. In
Section 5 we classify just how large these fields can. In order to do this we break the problem down
into cases depending on what maximal group the image of ρE,p is contained in.
Proposition 2.6 ([21]). Let E/Q be an elliptic curve and let p be a prime. Let G be the image of
ρE,p : Gal(Q/Q)→ Aut(E[p]) ≃ GL(2,Z/pZ). Then, there is exists a Z/pZ-basis for E[p] such that
on of the following is true:
(1) G = GL(2,Z/pZ);
(2) G is contained in a Borel subgroup of GL(2,Z/pZ);
(3) G is contained in the normalizer of a split Cartan subgroup of GL(2,Z/pZ);
(4) G is contained in the normalizer of a non-split Cartan subgroup of GL(2,Z/pZ);
(5) G is contained in one of a finite list of “exceptional” subgroups.
Question 1.1 is best phrased and studied within the context of Galois representations. Fix an
integer n ≥ 2, and fix a Z/nZ-basis of E[n]. The absolute Galois group of Q acts on E[n] and induces
a Galois representation ρE,n : Gal(Q/Q) → Aut(E[n]) ≃ GL(2,Z/nZ), such that Ker(ρE,n) =
Gal(Q/Q(E[n])). Let us denote κn = Ker(ρE,n) and Gn = Im (ρE,n) ⊆ GL(2,Z/nZ). Then, part
(1) of Question 1.1 asks when is it possible that κm = κn for distinct integers m,n ≥ 2. Theorem
1.4 studies elliptic curves with κpn = κpn+1 or, equivalently, curves E such that Gpn+1 is isomorphic
to Gpn . If we denote the reduction mod p
n map by πpn : GL(2,Z/p
n+1Z) → GL(2,Z/pnZ) and
Zpn = Ker(πpn), then we are trying to find elliptic curves such that Gpn+1 ∩ Zpn is trivial.
Example 2.7. Let us look at Example 1.3 from the point of view of Galois representations. Let
E : y2 = x3 + 13x − 34 and let E(Q(i))tors = E[4] = 〈P,Q〉 where P = (7,−20) and Q = (−3 −
10i, 30+10i). Then, Q = (−3+10i, 30− 10i) = P +3Q. In particular, if we write ρE,4 with respect
to the basis {P,Q} of E[4], then the image G4 is{(
1 0
0 1
)
,
(
1 1
0 3
)}
⊆ GL(2,Z/4Z),
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while Z2 = Id+2 ·M(2,Z/4Z), where M(2,Z/4Z) are the 2× 2 matrices with coordinates in Z/4Z.
Hence, Z2 ∩ G4 is trivial, as claimed, and Gal(Q(E[4])/Q) ≃ G4 ≃ G2 ≃ Gal(Q(E[2])/Q). Since
Q(E[2]) ⊆ Q(E[4]) we conclude that the 2-nd and 4-th division fields are actually equal.
From the point of view of representations and kernels of reduction maps, our Theorem 1.4 is at
the opposite side of the spectrum from the following theorem of Dokchitser, Dokchitser, and Elkies,
which determines when Zpn ⊆ Gpn+1 .
Theorem 2.8 (Serre [21], Elkies [11], Dokchitser, Dokchitser [9]). Let E/Q be an elliptic curve, let
p be a prime, and let n ≥ 1. If ρE,pn is surjective, then ρE,pn+1 is surjective, unless pn = 2, 3, or 4.
Moreover, the j-invariants of elliptic curves where ρE,pn is surjective but ρE,pn+1 is not, are given
explicitly by 1-parameter families.
Indeed, for n ≥ 1 we have Gpn = GL(2,Z/pnZ) and Zpn ⊆ Gpn+1 if and only if Gpn+1 =
GL(2,Z/pn+1Z), because the reduction map πpn is surjective. Thus, Theorem 2.8 shows that if
πpn(Gpn+1) = Gpn and Zpn ∩ Gpn+1 6= Zpn , then pn = 2, 3, or 4. The fact that the surjectivity of
ρE,pn implies ρE,pn+1 for p ≥ 5 and n ≥ 1 was known by work of Serre (cf. [20, IV-23, Lemma 3]).
3. Coincidences in towers
The goal of this section is to prove Theorem 1.4. In other words, this section is concerned with
the possibility of an equality Q(E[pn]) = Q(E[pn+1]) for some prime p and n ≥ 1. In the spirit
of Question 1.1, we are also interested in whether Q(E[pn]) ∩ Q(ζpn+1) can be larger than Q(ζpn).
We answer these questions first for odd primes, and then we shall turn our attention to the case of
p = 2.
3.1. The Case p ≥ 3. The goal of this section is to prove the case of Theorem 1.4 when p is an
odd prime. In fact, we would like to prove that Q(E[pn]) ∩Q(ζpn+1) = Q(ζpn).
Proposition 3.1. Let E/Q an elliptic curve and p ≥ 3 be a prime. Then, for every n ∈ N, the field
Q(E[pn]) does not contain the pn+1-th roots of unity.
As a corollary, we obtain:
Theorem 3.2. Let E/Q be an elliptic curve and p ≥ 3 a prime. Then, for every n ∈ N, we have
that Q(E[pn]) 6= Q(E[pn+1]).
Proof. Suppose that Q(E[pn]) = Q(E[pn+1]) for some p ≥ 3 and n ≥ 1. Then, Q(µpn+1) ⊆
Q(E[pn+1]) = Q(E[pn]) by Prop. 2.4, which contradicts the conclusion of Prop. 3.1. 
In order to show Proposition 3.1, we will need two lemmas about the elements of GL(2,Z/pnZ)
with p-power order.
Lemma 3.3. If p is a prime and A ∈ GL(2,Z/pnZ) such that the order of A is pk for some k ∈ N,
then 1 ≤ k ≤ n and all such orders occur.
Proof. We start by noticing that the matrix
(
1 pn−k
0 1
)
has order pk and so GL(2,Z/pnZ) has an
element of order pk for every 1 ≤ k ≤ n. To prove that there are no elements of higher order, we
proceed by induction on n. The case of n = 1 follows from Lagrange’s theorem and the fact that
#GL(2,Z/pZ) = p(p− 1)(p2 − 1).
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Next, we assume that the lemma is true for n = ℓ and let A ∈ GL(2,Z/pℓ+1Z) such that A has
order pk for some k ∈ N. We aim to show that Apℓ+1 is the identity and so the order of A divides
pℓ+1. Since Ap
k
= Id, it follows that Ap
k ≡ Idmodpℓ and, by the induction hypothesis, the order
of A mod pℓ must be pk
′
with 1 ≤ k′ ≤ ℓ. Thus, we have Apℓ ≡ Idmodpℓ, and so we may write
Ap
ℓ
=
(
1+apℓ bpℓ
cpℓ 1+dpℓ
)
for some a, b, c, d ∈ {0, 1, . . . , p− 1}. By induction on m one can show that
(Ap
ℓ
)m =
(
1 +mapℓ mbpℓ
mcpℓ 1 +mdpℓ
)
∈ GL(2,Z/pℓ+1Z)
and so Ap
ℓ+1 ≡ (Apℓ)p ≡ ( 1 00 1 ) mod pℓ+1. Thus, the order of A divides pℓ+1, which completes the
induction step, and we conclude the proof. 
Lemma 3.4. Let p be a prime, n ∈ N, and let πp,n : GL(2,Z/pnZ) → GL(2,Z/pZ) be the natural
reduction modulo p map. Then, the elements in kerπp,n have order dividing p
n−1.
Proof. Again, we proceed by induction on n. The case of n = 1 follows from the fact that πp,1 is
the identity map and the only element in the kernel is the identity which has order 1 = p0 = pn−1.
Next, assume that the result is true for some k ∈ N. Let A ∈ ker πp,k+1 and let A¯ be the image of
A under the reduction map GL(2,Z/pk+1Z)→ GL(2,Z/pkZ). Then, by assumption, we know that
A¯p
k−1
= Id ∈ GL(2,Z/pkZ), thus
Ap
k−1
=
(
1 + pka pkb
pkc 1 + pkd
)
,
for some a, b, c, d ∈ Z/pkZ. Again by induction on m,(
Ap
k−1
)m
=
(
1 +mpka mpkb
mpkc 1 +mpkd
)
,
and, in particular, Ap
k
=
(
Ap
k−1
)p
= Id ∈ GL(2,Z/pk+1Z). This finishes the proof. 
Proof of Prop. 3.1. Suppose towards a contradiction that there is an elliptic curve E/Q, a prime
p ≥ 3, and n ∈ N such that Q(µpn+1) ⊆ Q(E[pn]). Let ζpn+1 be a fixed primitive pn+1-th root of
unity, ζpn = ζ
p
pn+1
be the corresponding primitive pn-th root of unity and let σ ∈ GQ be any element
such that σ
∣∣
Q(ζpn+1 )
generates Gal(Q(ζpn+1)/Q). Further, we let An = ρE,pn(σ), and A1 = ρE,p(σ).
By choosing compatible Z/pkZ-bases for E[pk] for all k ≥ 1, we have Ak ∈ GL(2,Z/pkZ) and our
definition of Ak implies that An ≡ A1 mod p.
By Corollary 2.5, if Q(ζpn+1) ⊆ Q(E[pn]), then the order of An = ρE,pn(σ) ∈ GL(2,Z/pnZ) is
divisible by ϕ(pn+1). Let us write ord(An) = p
n(p− 1)k, for some k ≥ 1.
From Lemma 3.3, we know that are no elements of order pn+1 in GL(2,Z/pnZ) and so p cannot
divide k. Therefore, since gcd(pn, (p−1)k) from [4, Theorem 6.1], we can write An = BnCn = CnBn,
where Bn has order p
n and Cn has order (p − 1)k. Next, let πp,n be as in the statement of Lemma
3.4, B1 = πp,n(Bn) and C1 = πp,n(Cn). Since the #GL(2,Z/pZ) = p(p− 1)2(p+1) and the order of
Bn is p
n, we know that ord(B1) divides p. However, any element in GL(2,Z/pZ) of order dividing
p is conjugate to a matrix in the subgroup
H =
{(
1 x
0 1
)
: x ∈ Z/pZ
}
.
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Therefore, upon a change of Z/pnZ-basis if necessary, we can assume that B1 is in H. Since Bn
has order pn, Lemma 3.4 implies that Bn does not belong to Ker(πp,n), and therefore B1 is not the
identity element of GL(2,Z/pZ).
Thus, B1 = ( 1 a0 1 ) for some fixed a ∈ (Z/pZ)× and since BnCn = CnBn and πn is a group
homomorphism, we know that B1C1 = C1B1. Setting C1 =
(
α β
γ δ
)
and using that B1 and C1
commute we have that
α ≡ α+ γa mod p,
β + αa ≡ β + δa mod p.
Since a 6≡ 0 mod p, it must be that γ ≡ 0 and α ≡ δ mod p. Thus, C1 =
(
α β
0 α
)
. Finally, we have that
det(A1) = det(B1) det(C1) ≡ α2 and det(An) ≡ det(A1) mod p. In particular, det(An) is a square
modulo p. However, recall that we assumed that σ restricted to Q(ζpn+1) generates the full group
Galois group of Q(ζpn+1)/Q and so σ restricted to Q(ζpn) generates Gal(Q(ζpn)/Q). Therefore,
det(ρE,pn(σ)) = det(An) must be a generator of (Z/p
nZ)×, but a quadratic residue cannot be a
generator for p ≥ 3. Thus, we have reached a contradiction, and the proof is complete. 
3.2. The case p = 2, without CM. In this subsection we continue the proof of Theorem 1.4 by
studying when Q(E[2n+1]) = Q(E[2n]) for some n ≥ 1. We shall consider two cases, according to
whether E/Q has complex multiplication. In this section, we consider the non-CM case.
In the non-CM case, the work of Rouse and Zureick-Brown (Theorem 2.2) reduces the proof of
Theorem 1.4 in the case of p = 2 to a finite computation. Indeed, by Theorem 2.2, if E/Q is
an elliptic curve with no CM, there are 1208 possible images for ρE,2∞, each one defined at most
modulo 32 (i.e., Im ρE,2∞ is always the full inverse image of Im ρE,25 under the reduction map
GL(2,Z2)→ GL(2,Z/32Z)). An immediate consequence of this fact is that if n ≥ 5, then we cannot
have Im ρE,2n+1 ≃ Im ρE,2n , and therefore Gal(Q(E[2n+1])/Q) is not isomorphic to Gal(Q(E[2n])/Q).
In particular, if Q(E[2n+1]) = Q(E[2n]) we must have n < 5. The database [19] provides generators
of a subgroup G5 ⊆ GL(2,Z/32Z) for each of the 1208 possible images. If we let Gk be the image
of G5 in GL(2,Z/2
kZ), for 1 ≤ k ≤ 5, then we have carried out an exhaustive search of the possible
2-adic images for examples where Gn+1 ≃ Gn, for some 1 ≤ n ≤ 4, so that Q(E[2n+1]) = Q(E[2n]).
There are precisely two types of images with this property, namely X20b and X60d (in the notation of
[19]) and in both cases we had G2 ≃ G1, i.e., Q(E[4]) = Q(E[2]). They differ, however, in the fact
that G2 ≃ Z/2Z for X20b while G2 ≃ S3 for X60d. Our search, thus, yields the following result.
Proposition 3.5. Let E/Q be an elliptic curve without CM, such that Q(E[2n+1]) = Q(E[2n]) for
some n ≥ 1. Then n = 1, and there is a t ∈ Q such that E is Q-isomorphic over Q to an elliptic
curve of the form E′ : y2 = x3 +A(t)x+B(t), where
A(t) = −27t8 + 648t7 − 4212t6 − 2376t5 + 60102t4 + 79704t3 − 105732t2 − 235224t − 107811,
B(t) = 54t12 − 1944t11 + 24300t10 − 97848t9 − 251262t8 + 1722384t7 + 4821768t6
− 8697456t5 − 64323558t4 − 140447736t3 − 157012020t2 − 90561240t − 21346578.
Remark 3.6. We point out here that, in fact, the family in Proposition 3.5 contains the family in
Theorem 1.7. The family in Theorem 1.7 corresponds to elliptic curves with Q(E[2]) = Q(E[4]) =
Q(i), while the family above corresponds to elliptic curves with Q(E[2]) = Q(E[4]) an S3 extension
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of Q, with Q(i) the unique quadratic subfield. These two curves correspond to X20b and X60d, in the
notation of [19], and the map between these curves can be computed from the information there.
The curves in Proposition 3.5 all have Im ρE,4 conjugate to a subgroup of
G =
〈(
1 0
3 3
)
,
(
3 3
1 0
)〉
⊆ GL(2,Z/4Z),
while the curves in Theorem 1.7 have Im ρE,4 conjugate to
H =
〈(
1 1
0 3
)〉
1.
Since H is conjugate to a subgroup of G, curves with images in H arise as points on the modular
curve XG.
Example 3.7. Let E/Q be the elliptic curve with Cremona label 162d1which is given byWeierstrass
equation y2 + xy + y = x3 − x2 + 4x − 1. Using [1] we see that, E(Q)tors is trivial and that
Q(E[2]) = Q(E[4]) = Q(α) where α is a root of f(x) = 256x6 + 6624x4 + 42849x2 + 82944.
3.3. The case p = 2, with CM. In this subsection we complete the proof of Theorem 1.4 by
studying when Q(E[2n+1]) = Q(E[2n]) for some n ≥ 1, and E/Q has complex multiplication.
Proposition 3.8. Let E/Q be an elliptic curve with complex multiplication, and let n ≥ 1. Then
Q(E[2n]) ( Q(E[2n+1]).
Proof. Suppose first that E/Q is an elliptic curve with complex multiplication, and Q(E[2]) =
Q(E[4]). Then, the image G4 of ρE,4 is a group such that its reduction G2 modulo 2 satisfies
#G2 = #G4. A Magma computation shows that any such group is a conjugate of a subgroup of
G =
〈(
1 0
3 3
)
,
(
3 3
1 0
)〉
⊆ GL(2,Z/4Z),
the group that already appeared in Remark 3.6. The modular curve XG corresponds to X20b (genus
0) in the notation of Rouse and Zureick-Brown, and they have computed the j-line j : XG → P1,
which is given as follows:
jG(t) =
−4t8 + 32t7 + 80t6 − 288t5 − 504t4 + 864t3 + 1296t2 − 864t − 1188
t4 + 4t3 + 6t2 + 4t+ 1
.
In order to rule out elliptic curves with CM that have an image of ρE,4 that is a conjugate of a
subgroup of G, it suffices to show that if j0 is a rational CM j-invariant, then j0 is not a value of jG(t)
for some rational value of t. There are precisely 13 such rational CM j-invariants, namely 0, 54000,
−12288000, 1728, 287496, −3375, 16581375, 8000, −32768, −884736, −884736000, −147197952000,
−262537412640768000, and one can check, one by one (again using Magma, for example) that
jG(t) = j0 is impossible for rational values of t. Hence, Q(E[2]) = Q(E[4]) is impossible for elliptic
curves over Q with CM.
It remains to show that Q(E[2n]) = Q(E[2n+1]) is impossible for n > 1 in the CM case. Suppose,
for a contradiction, that E/Q is an elliptic curve with CM by an imaginary quadratic field K and
suppose that Q(E[2n]) = Q(E[2n+1]) for some n > 1. In particular, since j(E) ∈ Q, we have that
1The image must actually be equal to H since #H = 2 and Q(i) ⊆ Q(E[4]).
10 HARRIS B. DANIELS AND A´LVARO LOZANO-ROBLEDO
K(j(E)) = K, and K(E[2n]) = K(E[2n+1]). In this proof, we will argue in terms of the following
diagram:
K(E[2n+1])
K(E[2n])
a
♦♦♦♦♦♦♦♦♦♦♦
K(h(E[2n+1]))
b
◗◗◗◗◗◗◗◗◗◗◗◗
K(h(E[2n]))
d
♠♠♠♠♠♠♠♠♠♠♠♠♠
c
❖❖❖❖❖❖❖❖❖❖❖
K
♥♥♥♥♥♥♥♥♥♥♥♥♥
where h is a Weber function for E (see [16], Definition 2.4). Our initial assumption is that a = 1.
Theorem 4.4 of [16] shows that, for any n ≥ 2, we have d = [Hf (h(E[2n+1])) : Hf (h(E[2n]))] = 22,
where Hf = K(j(E)) = K in this case. Hence, c = [K(E[2
n]) : K(h(E[2n]))] must be divisible by
4. Theorem 4.1 of [16] shows that c is a divisor of #O×K,f , where E has CM by the order OK,f of
K. Since #O×K,f is always a divisor of 4 or 6, we must have #O×K,f = 4 and therefore OK,f = Z[i]
and K = Q(i), and j(E) = 1728. The finite list of possible 2-adic images for elliptic curves over Q
with CM and j = 1728 are described in Theorem 1.7 of [16], and one can verify that, in all cases,
[Q(E[8]) : Q(E[4])] = 2 or 4, and [Q(E[2n+1]) : Q(E[2n])] = 4 for all n ≥ 3. Hence, this shows that
Q(E[2n]) 6= Q(E[2n+1]) for any n ≥ 1 and any CM elliptic curve over Q. 
Together, Propositions 3.2, 3.5, and 3.8 imply Theorem 1.4.
We finish this section discussing the possibility of 2n+1-th roots of unity in the 2n-th division
field of an elliptic curve. For example, the elliptic curve E : y2 = x3 + x satisfies Q(E[2]) = Q(ζ4),
and the curve E : y2 = x3 + 2x satisfies Q(ζ8) ⊆ Q(E[4]). Next, we show that the elliptic curve
y2 = x3 − 11x − 14, with Cremona label 32a3, satisfies that the 2n-th division field contains the
2n+1-roots of unity.
Theorem 3.9. Let E/Q be the elliptic curve y2 = x3− 11x− 14 (i.e. the curve with Cremona label
32a3). Then, Q(ζ2n+1) ⊆ Q(E[2n]) for all n > 1.
Proof. Let E/Q be the elliptic curve y2 = x3 − 11x− 14. In [16], Example 9.4, it is shown that the
2-adic image of E/Q is given by
G =
〈
A =
(−1 0
0 1
)
, B =
(
5 0
0 5
)
, C =
(−1 −1
4 −1
)〉
⊆ GL(2,Z2).
Note that the generators of G are subject to the following relations:
BC = CB, AB = BA, ACA = BC−1.
Further, B2
n−2 ≡ C2n ≡ Id mod2n. It follows that D = ACAC−1 = BC−2 satisfies
D2
n−1 ≡ B2n−1C−2n ≡ 1 mod 2n.
Moreover, G/〈D〉 is abelian. It follows that G/〈D〉 mod 2n is abelian, of size
|G mod 2n|
|〈D〉 mod 2n| =
2 · 2n−2 · 2n
2n−1
= 2n.
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Moreover, D2
n−2 ≡ B2n−2C−2n−1 ≡ C−2n−1 mod 2n. Thus, C2n−1 ≡ Idmod(2n, 〈D〉). It follows
that 〈A,C〉/〈D〉 is of size 2n, and therefore A and C span all of G/〈D〉. Hence, G/〈D〉 ≃ Z/2Z ×
Z/2n−1Z. We conclude that there is an abelian extension Fn/Q, with Fn ⊆ Q(E[2n]), such that its
Galois group is given by Gal(Fn/Q) ≃ Z/2Z× Z/2n−1Z.
Now, notice that the conductor of E/Q is 32, and therefore, by the criterion of Ne´ron–Ogg–
Shafarevich, the extension Q(E[2n])/Q (and therefore Fn/Q) is only ramified above 2. In particular,
Fn/Q is an abelian extension of Q that is only ramified above 2, and we conclude that Fn ⊆ Q(ζ2∞).
Further, Gal(Q(ζ2∞)/Q) ≃ Z/2Z × Z2, and n > 1, and so there exists a unique extension Fn ⊆
Q(ζ2∞) such that Gal(Fn/Q) ≃ Z/2Z× Z/2n−1Z, namely Fn = Q(ζ2n+1).
Hence, Fn = Q(ζ2n+1) ⊆ Q(E[2n]) for n > 1, as we claimed. 
4. The Abelian Case
In this section we prove Theorem 1.7. We shall rely on the classification of abelian division fields
given in [12]. We cite here the main result of that paper for reference:
Theorem 4.1. [12, Theorem 1.1] Let E/Q be an elliptic curve. If there is an integer n ≥ 2
such that Q(E[n]) = Q(ζn), then n = 2, 3, 4, or 5. More generally, if Q(E[n])/Q is abelian, then
n = 2, 3, 4, 5, 6, or 8. Moreover, Gal(Q(E[n])/Q) is isomorphic to one of the following groups:
n 2 3 4 5 6 8
Gal(Q(E[n])/Q)
{0} Z/2Z Z/2Z Z/4Z (Z/2Z)2 (Z/2Z)4
Z/2Z (Z/2Z)2 (Z/2Z)2 Z/2Z× Z/4Z (Z/2Z)3 (Z/2Z)5
Z/3Z (Z/2Z)3 (Z/4Z)2 (Z/2Z)6
(Z/2Z)4
Furthermore, each possible Galois group occurs for infinitely many distinct j-invariants.
We are ready to present the proof of Theorem 1.7.
Proof of Theorem 1.7. Suppose first that p and q are distinct primes, with Q(E[p]) abelian, and
Q(E[p]) ∩ Q(ζqk) non-trivial, for some k ≥ 1. By Theorem 4.1, we have p = 2, 3, or 5. So we
distinguish three cases depending on the value of p:
(1) If p = 2, then Q(E[2]) is either trivial, quadratic, or cyclic cubic. For any prime q, the curve
y2 = x3 + (−1)(q−1)/2qx shows that Q(E[2]) ∩Q(ζqk) can be quadratic. Similarly, if Q(ζqk)
contains a cyclic cubic extension (i.e., if 3 divides (q−1)q) given by a cubic polynomial f(x),
then the curve y2 = f(x) shows that Q(E[2]) ∩Q(ζqk) can be a cyclic cubic.
(2) If p = 3, the existence of the Weil pairing forces Q(ζ3) ⊆ Q(E[3]). Then, by Theorem 4.1,
the field Q(E[3]) is either quadratic, in which case Q(E[3]) = Q(
√−3), or is quartic with
Galois group (Z/2Z)2, so that Q(E[3]) is the compositum of Q(
√−3) with another quadratic
field K over Q. Thus, Q(E[3]) ∩Q(ζqk) is at most quadratic.
(3) If p = 5, then Q(ζ5) ⊆ Q(E[5]), and Gal(Q(E[5])/Q) ≃ Z/4Z, or Z/2Z× Z/4Z, or (Z/4Z)2.
Thus, Q(E[5]) ∩ Q(ζqk) is either quadratic of a cyclic quartic. As an example of the latter,
consider E : y2 = x3 − x2 − 4319x + 100435. Here Gal(Q(E[5])/Q) ≃ (Z/4Z)2 and one of
the points of order 5 is defined over a cyclic quartic field F defined by x4 + 4x2 + 2 = 0.
This extension has discriminant 2048, and F ⊆ Q(ζ16). Hence, Q(E[5]) = F (ζ5), and
Q(E[5]) ∩Q(ζ16) = F , a quartic field.
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Thus, in all cases Q(E[p]) ∩Q(ζqk) is trivial, quadratic, cyclic cubic, or cyclic quartic.
It remains to consider when a full coincidence Q(E[n]) = Q(E[m]) can occur. Suppose such a
coincidence does occur. Then, in particular, Gal(Q(E[n])/Q) ≃ Gal(Q(E[m])/Q). Using the classi-
fication of abelian division fields in Theorem 4.1, it follows that (m,n) ∈ {(2, 3), (2, 4), (2, 8), (4, 8)}.
By our results in Section 3, Q(E[2]) = Q(E[8]) or Q(E[4]) = Q(E[8]) cannot happen, and the case
of Q(E[2]) = Q(E[4]) in the abelian case corresponds to the curve X60d of [19], which is parametrized
as in the statement of the theorem (see also Remark 3.6).
The case of (m,n) = (2, 3) can be eliminated by seeing that in this case we would have Q(E[2]) =
Q(E[3]) = Q(E[6]). Thus, Gal(Q(E[6])/Q) would be a subgroup G of GL(2,Z/6Z) such that (i) G
is abelian, (ii) the determinant map is surjective from G onto (Z/6Z)×, and (ii) the reduction maps
from G to G mod 2 and G mod 3 are isomorphisms. A search among the subgroups of GL(2,Z/6Z)
yields that there is a unique such subgroup G (up to conjugation), and that group is
G =
〈(
1 1
0 5
)〉
≃ Z/2Z.
Referring back to [12, Table 2] we see that if Q(E[6])/Q is abelian, then Gal(Q(E[6])/Q) ≃ (Z/2Z)2
or (Z/2Z)3. Thus, there is no elliptic curve who mod 6 image is G, and so there is no elliptic curve
with Q(E[2]) = Q(E[3]) and Q(E[2])/Q an abelian extension. 
5. Intersections of division fields and Qab
In order to prove Theorem 1.6 we start by classifying the possible roots of unity in Q(E[p]). First,
we prove that the powers on the prime-to-p roots of unity cannot be very large compared to p.
Proposition 5.1. Let E/Q be an elliptic curve, let p < q be primes, let n,m ≥ 1, and suppose
Q(ζqm) ⊆ Q(E[pn]). Then, m = 1 unless p = 2 and q = 3 in which case m ≤ 2.
Proof. Suppose that Q(ζqm) ⊆ Q(E[pn]), for some m ≥ 2. Then, by Corollary 2.5, the order of
Gal(Q(E[pn])/Q) is divisible by ϕ(qm), and therefore divisible by q. Since Gal(Q(E[pn])/Q) is a
subgroup of GL(2,Z/pnZ), it follows that qm−1(q − 1) divides p4(n−1)+1(p− 1)2(p+ 1). Since p 6= q
are primes, we conclude that p ≡ ±1 mod qm−1, and since q > p we must have p ≡ −1 mod q and
therefore p = q − 1, and m = 2. This is only possible if p = 2 and q = 3. 
Before continuing to the proof of Theorem 1.6 we will need to better understand how large
KE(p) = Q(E[p]) ∩ Qab can be and what the structure of Gal(KE(p)/Q) can be. The size of this
field and the possible structure of its Galois group will depend on the image of ρE,p and as such we
will break this section down according to the maximal group that contains Im ρE,p (see Proposition
2.6).
5.1. Full Image. From the results of [10, 17] we know that this is in fact the generic case and it
turns out to also be the simplest in our context.
Proposition 5.2. Let E/Q be an elliptic curve, let p, q > 2 be distinct odd primes, let n ≥ 1, and
suppose ρE,pn is surjective. Then, the intersection Q(ζqm) ∩Q(E[pn]) is trivial.
Proof. Suppose that Gal(Q(E[pn])/Q) ≃ GL(2,Z/pnZ). Then, if p > 2, the commutator sub-
group of GL(2,Z/pnZ) is SL(2,Z/pnZ) (see [20]), and therefore the largest abelian quotient of
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Gal(Q(E[pn])/Q) is isomorphic to (Z/pnZ)×. Since Q(ζpn) ⊆ Q(E[pn]) by the Weil pairing, it fol-
lows that the largest abelian subextension of L ⊆ Q(E[pn]) is precisely L = Q(ζpn). In particular,
Q(ζqm) ∩Q(E[pn]) ⊆ L = Q(ζpn) and therefore, the intersection must be trivial, since q 6= p. 
Corollary 5.3. Let E/Q be an elliptic curve, p > 2 a prime, and n ≥ 1. If ρE,pn is surjective then
KE(p) = Q(E[p
n]) ∩Qab = Q(ζpn). Further, in this case we have that Gal(KE(P )/Q) ≃ (Z/pnZ)×.
5.2. Borel Image.
Definition 5.4. Let p be a prime, and n ≥ 1. We say that a subgroup B of GL(2,Z/pnZ) is Borel
if every matrix in B is upper triangular, i.e.,
B ⊆
{(
a b
0 c
)
: a, b, c ∈ Z/pnZ, a, c ∈ (Z/pnZ)×
}
.
We say that B is a non-diagonal Borel subgroup if none of the conjugates of B in GL(2,Z/pnZ) is
formed solely by diagonal matrices. If B is a Borel subgroup, we denote by B1 the subgroup of B
formed by those matrices in B whose diagonal coordinates are 1 mod pn, and we denote by Bd the
subgroup of B formed by diagonal matrices, i.e.,
B1 = B ∩
{(
1 b
0 1
)
: b ∈ Z/pnZ
}
, and Bd = B ∩
{(
a 0
0 c
)
: a, c ∈ (Z/pnZ)×
}
.
Lemma 5.5. [15, Lemma 2.2] Let p > 2 be a prime, n ≥ 1 and let B ⊆ GL(2,Z/pnZ) be a Borel
subgroup, such that B contains a matrix g =
(
a b
0 c
)
with a 6≡ c mod p. Let B′ = h−1Bh with
h =
(
1 b/(c− a)
0 1
)
. Then, B′ ⊆ GL(2,Z/pnZ) is a Borel subgroup conjugated to B satisfying
the following properties:
(1) B′ = B′dB
′
1, i.e., for every M ∈ B′ there is U ∈ B′d and V ∈ B′1 such that M = UV ; and
(2) B/[B,B] ≃ B′/[B′, B′] and [B′, B′] = B′1.
If follows that [B,B] = B1 and it is a cyclic subgroup of order p
s for some 0 ≤ s ≤ n.
Proposition 5.6. Let E/Q be an elliptic curve, let p > 2 be a prime, let n ≥ 1, and suppose
Im ρE,pn ⊆ GL(2,Z/pnZ) is a Borel subgroup. Then, the Galois group of the maximal abelian
subextension L ⊆ Gal(Q(E[pn])/Q) is a subgroup of (Z/pnZ)×× (Z/pnZ)×, and L contains Q(ζpn).
In particular, if q 6= p is another prime and Q(ζqm) ⊆ Q(E[pn]) for some m ≥ 1, then ϕ(qm) is a
divisor of ϕ(pn). If in addition q > p, then m = 1 and q − 1 is a divisor of ϕ(pn).
Proof. Let G = Gal(Q(E[pn])/Q) ≃ Im ρE,pn ⊆ GL(2,Z/pnZ), and suppose G is a Borel subgroup.
Then, G contains a matrix g as in Lemma 5.5, because otherwise det(G) would consist only of square
classes, and therefore would not be all of (Z/pnZ)×. Thus, by Lemma 5.5, the commutator of G
is G1 and G/G1 ≃ Gd. Thus, Gal(L/Q) ≃ G/G1, where L is the maximal abelian subextension
L ⊆ Gal(Q(E[pn])/Q), is isomorphic to a subgroup of (Z/pnZ)× × (Z/pnZ)×, as desired.
Now, if q 6= p is another prime and Q(ζqm) ⊆ Q(E[pn]) for some m ≥ 1, then the compositum
K = Q(ζpn)Q(ζqm) is contained in L. Since the primes are distinct, then Gal(K/Q) ≃ (Z/pnZ)× ×
(Z/qmZ)×, and since K ⊆ L, it follows that (Z/qmZ)× must be a subgroup of (Z/pnZ)×. It follows
that ϕ(qm) is a divisor of ϕ(pn). If in addition we have q > p, it follows that m = 1, and q − 1
divides ϕ(pn), as claimed. 
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Corollary 5.7. Let E/Q be an elliptic curve, p > 2 a prime, and n ≥ 1. If Im ρE,pn is contained
in a Borel subgroup of GL(2,Z/pZ) then the field KE(p) = Q(E[p
n]) ∩ Qab has Gal(KE(P )/Q)
isomorphic to a (Z/pnZ)× × C where C is a cyclic group of order dividing ϕ(pn). Thus, Kp(E) is
the compositum of Q(ζpn) and a cyclic extension L/Q with Gal(L/Q) = C.
5.3. Exceptional Images. Serre showed that an elliptic curve over Q cannot have exceptional
image for p ≥ 17 (see [22, Lemma 18]). Moreover:
Theorem 5.8. [14, Theorem 8.1] Let E/Q be an elliptic curve, and p ≥ 3 a prime number, such
that the image G of ρE,p in PGL(E[p]) is isomorphic to G = A4, S4, or A5. Then, p ≤ 13 and
G = S4.
Further, by work of Sutherland and Zywina [24, 26], we know that if 3 ≤ p ≤ 13 and the image
of ρE,p in PGL(E[p]) is isomorphic to S4, then p = 5 or p = 13.
Proposition 5.9. [24, 26] Let E/Q be an elliptic curve, and p ≥ 3 a prime number, such that the
image of ρE,p in PGL(E[p]) is isomorphic to S4. Then, p = 5, or p = 13. Moreover, Im ρE,p ⊆
GL(2,Z/pZ) is a conjugate subgroup of
E5 =
〈(
1 4
1 1
)
,
(
1 0
0 2
)〉
⊆ GL(2,Z/5Z), or
E13 =
〈(
1 12
1 1
)
,
(
1 0
0 8
)〉
⊆ GL(2,Z/13Z).
Proof. See [24], Tables 3 and 4, and [26], Theorems 1.4 and 1.8. 
Proposition 5.10. Let E/Q be an elliptic curve, let p > 2 be a prime, and let n ≥ 1. Moreover,
assume that the image of ρE,p is an exceptional subgroup (i.e., the projective image of Im ρE,p in
PGL(2,Z/pZ) is isomorphic to S4). Then, Q(ζqm) ∩ Q(E[pn]) is trivial for any m ≥ 1 and any
prime q 6= p.
Proof. Suppose that E is a curve as in the statement. Then, by Theorem 5.8, we have p ≤ 13,
and by Proposition 5.9, we have p = 5 or p = 13, and G = Im ρE,p is a conjugate of E5 or E13,
respectively. A simple computation shows that
E5/[E5, E5] ≃ (Z/5Z)× and E13/[E13, E13] ≃ (Z/13Z)×
and therefore the Galois group of the maximal abelian subextension Lp of Q(E[p]) is isomorphic
to (Z/pZ)×, for p = 5, or 13. Since Q(ζp) ⊆ Q(E[p]), it follows that Lp = Q(ζp). In particular,
if q 6= p, then Q(ζqm) ∩ Q(E[p]) ⊆ Lp must be trivial. Now, if Q(ζqm) ⊆ Q(E[pn]), and since
[Q(E[pn]) : Q(E[p])] is a power of p, it would follow that ϕ(qm) is itself a power of p. Hence,
0 ≤ m ≤ 1, and q − 1 = pt for some t ≥ 1, which is impossible for p > 2, unless m = 0. Thus,
Q(ζqm) ∩Q(E[pn]) is trivial for any q 6= p and any m ≥ 1, as desired. 
Corollary 5.11. Let E/Q be an elliptic curve and p > 2 a prime. If ρE,p is contained in
an exceptional group then KE(p) = Q(E[p]) ∩ Qab = Q(ζp). Thus, in this case we have that
Gal(KE(P )/Q) ≃ (Z/pZ)×.
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5.4. Split Cartan. In this subsection we give results in the case when the image is contained in
the normalizer of a split Cartan group. We define the split Cartan subgroup of GL(2,Z/pZ) by
Cs(p) =
{(
a 0
0 b
)
: a, b ∈ (Z/pZ)×
}
and let Ns(p) = Cs(p) ∪
(
0 1
1 0
)
· Cs(p) be its normalizer. Notice that if the image G of ρE,p is
strictly contained in a split Cartan group, then G is abelian, in which case we already know what
can happen by our results in Section 4. Thus, we will assume that G is non-abelian.
Theorem 5.12. If G is a subgroup of Ns(p) such that det(G) = (Z/pZ)
×, and G′ = [G,G] 6= {Id},
then G/G′ is isomorphic to (Z/pZ)×, or (Z/pZ)××Z/2Z, or Z/2(p− 1)Z. Moreover, if G contains
an element of zero trace and determinant −1, then G/G′ ≃ Z/(p− 1)Z or Z/(p − 1)Z× Z/2Z.
Before we prove Theorem 5.12, we will need the following lemmas.
Lemma 5.13. With notation and assumptions as in Proposition 5.12,
(1) If M =
(
a 0
0 b
)
∈ G, then N =
(
b 0
0 a
)
∈ G also, and M ≡ N mod G′.
(2) Let H be a subgroup of the form
{(
a 0
0 a−1
)
: a ∈ (Z/pZ)×
}
∩ G, and let H be the image
of H in G/G′. Then, H is either trivial or isomorphic to Z/2Z.
(3) If H is non-trivial, and there is a matrix G of the form Ta =
(
a 0
0 a−1
)
where a is not a
quadratic residue mod p, then H is generated by Ta mod G
′.
Proof. For (1), suppose that M =
(
a 0
0 b
) ∈ G. Since G′ 6= {Id}, there must also be an element in G
of the form L =
(
0 c
d 0
)
. Therefore,
[M,L] =
(
a 0
0 b
)(
0 c
d 0
)(
a 0
0 b
)
−1(
0 c
d 0
)
−1
=
(
ab−1 0
0 a−1b
)
∈ G′.
Thus, N =M · [M,L]−1 belongs to G also, and M ≡ N mod G′, as claimed.
For (2), since H is cyclic, the image H is also cyclic. Further, part (1) shows that every element
of H has order dividing two since(
a 0
0 a−1
)2
≡
(
a 0
0 a−1
)(
a 0
0 a−1
)
≡
(
a 0
0 a−1
)(
a−1 0
0 a
)
≡
(
1 0
0 1
)
mod G′.
Thus, H is trivial or cyclic of order 2. This shows (2).
Moreover, if H is non-trivial, and there is a matrix in G of the form Ta =
(
a 0
0 a−1
)
where a
is not a quadratic residue mod p, then H is generated by a matrix Td =
(
d 0
0 d−1
)
where d is
not a quadratic residue mod p, because there is an odd number n with T nd = Ta (and therefore
dn ≡ a mod p) but this would be impossible if d was a square or n was even. Finally, if we write
n = 2k + 1, and since T 2d ≡ Id modG′ it follows that Ta = T nd = T 2kd Td ≡ Td mod G′, and therefore
H is generated by the class of Ta as well. 
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Lemma 5.14. With notation and assumptions as in Proposition 5.12, and if we assume that G
contains a matrix of the form Aa =
(
0 −a
a−1 0
)
for some a ∈ (Z/pZ)×, then
(1) Let H be the image of subgroup H =
{(
d 0
0 d−1
)
: d ∈ (Z/pZ)×
}
∩G in G/G′. Then, H is
trivial.
(2) The matrix − Id is a commutator of G, i.e., − Id ∈ G′.
Proof. Let G be a group as in the statement of Proposition 5.12. Since det(G) = (Z/pZ)× = 〈g〉,
for some primitive root g mod p, there is a matrix M ∈ G ⊆ Ns(p) with det(M) = g. Hence,
M =
(
gc 0
0 c−1
)
or
(
0 gc
−c−1 0
)
for some c ∈ (Z/pZ)×. In the latter case, we define M ′ by
M ′ =M
(
0 −a
a−1 0
)
=
(
gca−1 0
0 ac−1
)
.
In particular,
MAaM
−1A−1a =
(
gc2 0
0 (gc2)−1
)
, and M ′AaM
′−1A−1a =
(
gc2a−2 0
0 (gc2a−2)−1
)
.
Thus, following the notation of Lemma 5.13, part (3), the matrices Tgc2 or Tg(ca−1)2 ∈ G′ ⊆ G and
gc2 , g(ca−1)2 are not squares modulo p. By Lemma 5.13, either Tgc2 or Tg(ca−1)2 generate H, but
they both belong to G′, and it follows that H must be trivial. This proves (1).
For (2), we note that T
(p−1)/2
d = Td(p−1)/2 , and
(gd2)(p−1)/2 ≡ g(p−1)/2d(p−1) ≡ −1 mod p
for any d ∈ (Z/pZ)×. Thus, − Id = T (p−1)/2
gc2
= T
(p−1)/2
gc2a−2
∈ G′, as desired. 
Lemma 5.15. With notation as in Proposition 5.12, let S be the image of the subgroup S =
G ∩ SL2(Z/pZ) in G/G′. Then, S is cyclic with order dividing 2.
Proof. First note that S =
{(
a 0
0 a−1
)
,
(
0 −a
a−1 0
)
: a ∈ (Z/pZ)×
}
∩ G. If S ⊆ H, with H as
in Lemma 5.13, then H is trivial or isomorphic to Z/2Z. Otherwise, there is a matrix of the form(
0 −a
a−1 0
)
in S ⊆ G. Hence, Lemma 5.14 implies that H ⊆ G′ (i.e., H is trivial) and − Id ∈ G′.
Now suppose that we have any two elements of S −H,
A =
(
0 −a
a−1 0
)
and B =
(
0 −b
b−1 0
)
.
Then
A2 = − Id ∈ G′, and AB =
(−ab−1 0
0 −a−1b
)
∈ H ⊆ G′.
Hence AB ≡ Id modG′, and
A ≡ A ·AB ≡ A2 ·B ≡ B mod G′.
Thus, S is of order 2. 
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Lemma 5.16. If G is a subgroup of Ns(p) that contains a matrix τ of zero trace and determinant
−1, then there is an element of M ∈ Cs(p) such that MτM−1 is one of the following matrices:
τ1 =
(−1 0
0 1
)
, τ2 =
(
1 0
0 −1
)
, τ3 =
(
0 1
1 0
)
.
Proof. If τ ∈ Ns(p) has zero trace and determinant −1, then it is of the form
(±1 0
0 ∓1
)
or(
0 a
a−1 0
)
for some a ∈ (Z/pZ)×. If it is the latter, then the matrix M =
(
a 0
0 1
)
∈ Cs(p) satisfies
M−1τM = τ3, as claimed. 
We are finally ready to prove Theorem 5.12.
Proof of Theorem 5.12. Suppose that G is a subgroup of Ns(p) such that det(G) = (Z/pZ)
×, G
contains an element with zero trace and determinant −1, and G′ = [G,G] 6= {Id}. Since G′ is a
subgroup of SL2(Z/pZ), we know that det induces a map det : G/G
′ → (Z/pZ)× that is a surjective
homomorphism. Moreover, G/G′ is abelian. Thus (G/G1)/ ker(det) ≃ (Z/pZ)×. But ker(det) = S,
where S is the image of G ∩ SL(2,Z/pZ) in G/G′. From Lemma 5.15 we have S is trivial or
isomorphic to Z/2Z. Hence, G/G′ is isomorphic to (Z/pZ)×, or (Z/pZ)× × Z/2Z, or Z/2(p − 1)Z.
It remains to discard the possibility that G/G′ ≃ Z/2(p − 1)Z. If this happens, then S ≃ Z/2Z.
If so, then G/G′ would contain an element of order 2(p − 1). Every element of Ns(p) has order
dividing 2(p − 1), so G itself would have an element M of exact order 2(p − 1). Such an element
of Ns(p) must be of the form M =
(
0 gc
c−1 0
)
, with g a primitive root and c 6≡ 0 mod p, so that
M2 =
(
g 0
0 g
)
has order p − 1. In particular, M (p−1) = (M2)(p−1)/2 = − Id. If H is trivial, and
S ≃ Z/2Z, then − Id ∈ G′ by Lemma 5.14, which would mean that the order of M in G/G′ is p− 1
instead of 2(p− 1). If H = S ≃ Z/2Z and M has order 2(p− 1), Lemma 5.13, part (3), implies that
the class of − Id is a generator of H. We will prove that in fact − Id ∈ G′, which is a contradiction.
By Lemma 5.16, we can assume that G contains an element τ = τi, for i = 1, 2, or 3. If τ = τ1
or τ2, then MτM
−1τ−1 = − Id ∈ G′ and we are done. Otherwise, suppose τ = τ3. Then,
MτM−1τ−1 =
(
gc2 0
0 (gc2)−1
)
= Tgc2 ,
but since g is a primitive root, then gc2 is not a square, and T
(p−1)/2
gc2
= − Id ∈ G′, and therefore H
is trivial. Hence, we have reached a contradiction and G/G′ ≃ Z/(2(p − 1))Z is impossible, which
concludes the proof of the theorem. 
Corollary 5.17. Let E/Q be an elliptic curve and p > 2 a prime. If ρE,p is contained in the
normalizer of a split Cartan subgroup of GL(2,Z/pZ) then KE(p) = Q(E[p]) ∩ Qab ⊆ Q(ζp,
√
d)
for some d ∈ Z. Thus, in this case we have that Gal(KE(p)/Q) is isomorphic to (Z/pZ)× of
Z/2Z× (Z/pZ)×.
5.5. Non-split Cartan. In this section we give results in the case that the image of the mod p
Galois representation is contained a non-abelian subgroup of the normalizer of the non-split Cartan
subgroup of GL(2,Z/pZ).
18 HARRIS B. DANIELS AND A´LVARO LOZANO-ROBLEDO
Let p be a fixed prime and let ε ∈ (Z/pZ)× be a fixed quadratic non-residue. We define the
non-split Cartan subgroup of GL(2,Z/pZ) by
Cns(p) =
{(
a εb
b a
)
: a, b,∈ Z/pZ and (a, b) 6= (0, 0)
}
,
and its normalizer in GL(2,Z/pZ)
Nns(p) = Cns(p) ∪
(−1 0
0 1
)
Cns(p).
From [16, Section 5], we have that Cns(p) ≃ F×p2 and Nns(p) ≃ 〈Cns(p), c〉 where c =
(−1 0
0 1
)
.
If we fix a matrix A =
(
a εb
b a
)
such that Cns(p) = 〈A〉, then A is diagonalizable when considered
over the larger field (Z/pZ)[
√
ε]. That is, A = QDQ−1 with
Q =
(√
ε −√ε
1 1
)
and D =
(
a+ b
√
ε 0
0 a− b√ε
)
.
A simple computation shows that
Ap = QDpQ−1 = Q
(
(a+ b
√
ε)p 0
0 (a− b√ε)p
)
Q−1 = Q
(
(ap + bp
√
ε
p
) 0
0 ap − bp√εp
)
Q−1(1)
= Q
(
(a− b√ε) 0
0 a+ b
√
ε
)
Q−1 =
(
a −εb
−b a
)
= cAc.
We note that the first equality in the second line above follows from the fact that
Gal((Z/pZ)[
√
ε]/(Z/pZ)) ≃ Z/2Z
and is generated by the Frobenius map x 7→ xp which maps √ε 7→ −√ε (since (√εp = ε(p−1)/2√ε =
−√ε by Euler’s criterion, because ε is a quadratic non-residue). Lastly, we point out that since
the map det : Cns(p) → (Z/pZ)× is surjective, and if 〈A〉 = Cns(p), then det(A) = α where α is a
generator of (Z/pZ)×.
As in the previous section (the split case), we may assume that G, the image of ρE,p is non-
abelian, since we have treated the abelian case separately in Section 4. Thus, we will assume here
that G′ = [G,G] is not trivial.
Lemma 5.18. Let G be a non-abelian subgroup of Ncs(p). Then,
(1) G = 〈H, τ〉, where H is a subgroup of Cns(p) (therefore cyclic) and τ is any element of
Ncs(p)− Cns(p).
(2) If τ ∈ Ncs(p)−Cns(p), then τ2 ∈ Cns(p)p+1 ∩H.
(3) Fix τ ∈ Ncs(p) − Cns(p). Then, every element g ∈ G is of the form g = h or g = hτ , for
some h ∈ H. In particular, #G = 2 ·#H.
(4) Fix τ ∈ Ncs(p)− Cns(p). If h ∈ H, then τhτ−1 = hp.
(5) Suppose G contains an element λ of order 2 with zero trace and determinant −1. Then,
λ ∈ Ncs(p) − Cns(p) and G = 〈H,λ〉. Further, G ≃ H ⋊ϕ Z/2Z with respect to the map
ϕ : Z/2Z→ Aut(H) that sends λ to h 7→ λ · h · λ−1 = hp.
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Proof. Let G be a non-abelian subgroup of Ncs(p). Let H = G∩Cns(p) ⊆ G. Since G is non-abelian,
and Cns(p) is cyclic abelian, it follows that H is cyclic and H 6= G, and there is τ ∈ G−H, hence
τ ∈ Nns(p) − Cns(p). Now suppose that γ is also an element of G not in H. Let 〈A〉 = Cns(p).
Then, γ = Akc and τ = Ajc for some j, k ≥ 0 and c as above. Thus,
γ · τ = (Akc)(Ajc) = Ak(cAjc) = Ak ·Ajp = Ak+jp ∈ Cns(p) ∩G = H
where we have used Equation (1), and so γ = h ·τ−1 ∈ 〈H, τ〉, where h′ = Ak+jp. Hence, G = 〈H, τ〉
as we wanted to show. Moreover, τ2 = (Ajc)(Ajc) = AjApj = A(p+1)j ∈ Cns(p)p+1 ∩H. So τ2 = h′′
and (h′′)−1τ = τ−1. Thus, an arbitrary γ ∈ G − H as above can be written as γ = h′τ−1 =
h′(h′′)−1τ = hτ for h = h′(h′′)−1 ∈ H. Finally, let h = Ak ∈ H. Then:
τhτ−1 = τAkτ−1 = AjcAkcA−j = Aj+kp−j = Akp = hp,
as desired for (4).
Finally, suppose that G contains an element λ as in part (5). Then, λ cannot be in Cns(p)
because Cns(p) is cyclic of order p
2 − 1 and contains a unique element of order 2, namely − Id,
whose determinant is 1. Hence, λ ∈ Ncs(p)− Cns(p) and our previous work shows that G = 〈H,λ〉
is of order 2 ·#H. Since λ is of order 2, not in H, and λ · h · λ−1 = hp for all h ∈ H, it follows that
G ≃ H ⋊ϕ Z/2Z as claimed. 
Proposition 5.19. Let p be a prime and let G be a subgroup of Nns(p) such that det(G) = (Z/pZ)
×,
such that G contains an element λ of order 2, zero trace, and determinant −1, and assume that
G′ = [G,G] 6= {Id}. Then, G/G′ ≃ Z/2Z× (Z/pZ)×.
Proof. Let G be a subgroup of Nns(p) such that det(G) ≃ (Z/pZ)×. By Lemma 5.18, we have
G = 〈H, τ〉, with H ⊆ Cns(p) = 〈A〉 and τ ∈ Ncs(p)−Cns(p). Thus, H = 〈Ak0〉 for some divisor k0
of p2 − 1. Let τ = Ajc for some j ≥ 0. Note that
[Ak0 , τ ] = Ak0τA−k0τ−1 = Ak0−k0p = A−(p−1)k0 ∈ Hp−1.
where we have used Lemma 5.18, part (4), and since H = 〈Ak0〉, it follows that Hp−1 = 〈[Ak0 , τ ]〉 ⊆
G′ = [G,G]. Further, we claim that G′ = Hp−1. In order to show this, it suffices to show that
G/Hp−1 is abelian. Indeed, G = H ⋊ 〈λ〉 by Lemma 5.18, part (5), and in G/Hp−1 we have
λ · h · λ−1 = hp ≡ h mod Hp−1, for all h ∈ H. Thus, λh ≡ hλ mod Hp−1, and G/Hp−1 is abelian.
Therefore, G′ = Hp−1.
Finally, note that H/Hp−1 injects into Cns(p)/Cns(p)
p−1 ≃ (Z/pZ)×, where the last isomorphism
comes from the fact that Cns(p) is cyclic of order p
2 − 1. Thus, H/Hp−1 is at most of size p − 1.
Moreover:
G/G′ = G/Hp−1 = (H ⋊ 〈λ〉)/Hp−1 ≃ (H/Hp−1)× Z/2Z.
Further, since G′ ⊆ SL(2,Z/pZ), it follows that det : G/G′ → (Z/pZ)× is also surjective. This
implies that H/Hp−1 × Z/2Z has an element of order p− 1, and therefore H/Hp−1 must be of size
at least p− 1. Hence, H/Hp−1 ≃ (Z/pZ)× and G/G′ ≃ (Z/pZ)× × Z/2Z as desired. 
Corollary 5.20. Let E/Q be an elliptic curve and p > 2 a prime. If ρE,p is contained in the
normalizer of a non-split Cartan subgroup of GL(2,Z/pZ) then KE(p) = Q(E[p])∩Qab ⊆ Q(ζp,
√
d)
for some d ∈ Z. Thus, in this case we have that Gal(KE(P )/Q) is isomorphic to (Z/pZ)× of
Z/2Z× (Z/pZ)×.
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5.6. Summary of the results of this section. Before ending this section we give a summary the
information in Corollaries 5.3, 5.7, 5.17, and 5.20 in a single place.
Proposition 5.21. Let E/Q be an elliptic curve, p > 2 a prime, and KE(p) = Q(E[p]) ∩ Qab.
Then,
Gal(KE(p)/Q) ≃ (Z/pZ)× × C
where C is a cyclic group of order dividing p− 1. Moreover, #C > 2 only when E has a p-isogeny
(i.e., if the image of ρE,p is contained in a Borel subgroup).
6. The proof of Theorem 1.6
In an attempt to simplify the proof of Theorem 1.6 we start this section by proving a few lemmas.
Lemma 6.1. For every elliptic curve E/Q and prime q > 3, Q(E[3]) ∩Q(ζq) is at most quadratic.
Thus, Q(E[3]) 6= Q(E[q]).
Proof. Suppose towards a contradiction that E/Q is an elliptic curve and q > 3 is a prime such that
Q(E[3]) = Q(E[q]). From Proposition 5.21, we know that the largest that KE(3) = Q(E[3]) ∩ Qab
is at most biquadratic, of the form F (ζ3) for some quadratic field F/Q. Further, since q > 3 we
have Q(ζ3) ∩ Q(ζq) = Q and Q(ζ3) is quadratic, it follows that if Q(E[3]) = Q(E[q]), then Q(ζq)
must be a quadratic subfield of F (ζ3). Since the degree of Q(ζq)/Q is q − 1, this means that q = 3
contradicting the assumption that q > 3. 
Lemma 6.2. For every elliptic curve E/Q and prime q > 2, such that Q(E[4])/Q is a non-abelian
extension, we have Q(E[4]) 6= Q(E[q]).
Proof. Suppose towards a contradiction that there are an elliptic curve E/Q and a prime q > 2 such
that Q(E[4]) = Q(E[q]). In particular, Q(ζq) ⊆ Q(E[4]).
First note that the order of elements in GL(2,Z/4Z) are 1, 2, 3, 4, or 6. Thus, if Q(ζq) ⊂ Q(E[4])
and G = G4 = Im ρE,4 it must be that G/[G,G] has an elements of order q − 1. Since the order of
an element in G/[G,G] divides the order of a representative in G, we know that q−1 ∈ {1, 2, 3, 4, 6}
and thus q ∈ {2, 3, 5, 7}. Based on the assumptions q 6= 2 and so q = 3, 5, or 7.
Now, since Q(E[4]) = Q(E[q]), it follows that Q(E[4q]) is also the same field. If we let Gn =
Im ρE,n, then we must have that Gal(Q(E[4q])/Q) ≃ G4q ⊆ GL(2,Z/4qZ), and the natural reduction
maps G4q → G4 and G4q → Gq are isomorphisms. In addition det(G4q) = (Z/4qZ)× and there is
a matrix in G4q with zero trace and determinant −1. Further, we have assumed that G4 and
therefore G4q are non-abelian. A search for such subgroups of GL(2,Z/4qZ) yields that there
are none for q = 5 or 7 so q must be 3. The search for subgroups in GL(2,Z/12Z) yields two
possible maximal groups, call them H1 and H2. If we let π3 : GL(2,Z/12Z) → GL(2,Z/3Z) and
π4 : GL(2,Z/12Z) → GL(2,Z/4Z), the we see that π3(H1) = π3(H2) = Ns(3) and
π4(H1) =
〈(
3 3
0 1
)
,
(
1 3
2 1
)〉
and π4(H2) =
〈(
1 1
0 3
)
,
(
1 3
2 1
)〉
.
Moreover, we have Hi ≃ π3(Hi) ≃ π4(Hi) ≃ D4, for i = 1, 2, and a computation of the genus of
the modular curves XHi yields that both have genus 9. Determining the rational points on XHi for
i = 1 or 2 would be very difficult, so instead consider the subgroup H˜ ⊆ GL(2,Z/12Z) such that
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π3(H˜) = Ns(3) and
π4(H˜) =
〈(−1 0
0 −1
)
,
(
3 3
0 1
)
,
(
1 3
2 1
)〉
=
〈(−1 0
0 −1
)
,
(
1 1
0 3
)
,
(
1 3
2 1
)〉
.
but we do not require that π3 and π4 are isomorphisms on H˜. We note that the groups π4(H1) and
π4(H2) are, respectively, the groups G10d and G10b in the notation of [19], and π4(H˜) is the group
G10.
Let X+s (3) and X10 be the modular curves that parametrize elliptic curves, respectively, with mod
3 image conjugate to Ns(3), and with mod 4 image conjugate to π4(H˜) (or equivalently, conjugate
to G10). Both X
+
s (3) and X10 are curves of genus 0, and the j-invariants of such curves are given
by rational functions j(t) and j′(s), respectively. Above we have shown that an elliptic curve E/Q
with Q(E[4]) = Q(E[3]) would satisfy j(E) = j(t0) = j
′(s0) for some rational numbers t0, and s0.
Thus, the point (t0, s0) would satisfy the equation j(t) = j
′(s), that is
j(s) =
1728 · (s2 − 1/3)3
s2(s2 + 1)2
=
27(t+ 1)3(t− 3)3
t3
= j′(t).
In particular:
(s(s2 + 1))2 = s2(s2 + 1)2 =
43(s2 − 1/3)3t3
(t+ 1)3(t− 3)3 =
(
4(s2 − 1/3)t
(t+ 1)(t− 3)
)3
,
and so s(s2+1) is a perfect cube, say s(s2+1) = T 3 or in projective coordinates C : S3+SU2 = T 3.
An affine patch of this curve is A : 1+y2 = x3, which is the elliptic curve with Cremona label 144a1
and has A(Q) = {O, (1, 0)}. Thus, the only points on C are [T,U, S] = [0, 1, 0] and [1, 0, 1]. Thus,
s = S/U = 0/1 = 0 or s = S/U = 1/0 is undefined, so s = 0 is the only possibility. But if s = 0,
then j(s) is undefined. Hence, there is no such elliptic curve E/Q with Q(E[4]) = Q(E[3]). 
Proposition 6.3. Let E/Q be an elliptic curve and p < q distinct primes in Z such that Q(E[p]) =
Q(E[q]). Then, it must be that p = 2 and q = 3.
Proof. Let KE(p) = Q(E[p]) ∩ Qab and KE(q) = Q(E[q]) ∩ Qab. If Q(E[p]) = Q(E[q]), then
KE(p) = KE(q) and Gal(KE(p)/Q) = Gal(KE(q)/Q). Let G = Gal(KE(p)/Q) = Gal(KE(q)/Q).
Suppose that p > 2. Applying Proposition 5.21 we get that G ≃ (Z/pZ)× × C ≃ (Z/qZ)× × C ′
where #C divides p − 1 and #C ′ divides q − 1. Next, since Q(ζq) ∩ Q(ζp) = Q, it must be that G
contains a subgroup isomorphic to (Z/pZ)× × (Z/qZ)×. The only way that this can happen is if
p− 1 divides q − 1 and q − 1 divides p− 1, that is p = q. Therefore, p cannot be greater than 2.
Next suppose p = 2. From Theorem 1.7 we can assume that Q(E[2])/Q is a non-abelian extension.
In this case, Gal(Q(E[2])/Q) ≃ S3 and Gal(KE(2)/Q) ≃ Z/2Z. Therefore, Q(ζq)/Q is a quadratic
extension and the only possibility is q = 3. 
Before we prove Theorem 1.6 we need one more lemma and a simplifying remark.
Lemma 6.4. There are no elliptic curves E/Q and n ≥ 1 such that Q(E[2n]) = Q(E[9]).
Proof. Suppose E/Q is an elliptic curve and n ≥ 1 such that Q(E[2n]) = Q(E[9]). By Theorem 1.7,
it cannot happen if Q(E[9]) is abelian over Q, so we shall assume that Q(E[9])/Q is non-abelian. A
Magma search on subgroups G ⊆ GL(2,Z/9Z) shows that if G is a non-abelian subgroup with full
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determinant map and an element corresponding to complex conjugation, then G/[G,G] is isomorphic
to one group in the set
S = {Z/6Z,Z/6Z × Z/2Z,Z/6Z× Z/3Z,Z/6Z × Z/6Z}.
Since Q(ζ2n)∩Q(ζ9) = Q, if Q(ζ2n) ⊆ Q(E[9]) and n ≥ 2 then it follows that (Z/2Z× (Z/2Z)n−2)×
Z/6Z must be a subgroup of G/[G,G]. Thus, n ≤ 2.
If n = 1, then Q(ζ9) ⊆ Q(E[9]) = Q(E[2]) and since [Q(E[2]) : Q] ≤ 6, it must be that
Q(E[2]) = Q(ζ9) which is a contradiction because we have assumed Q(E[9]) was non-abelian.
Suppose next that n = 2. In this case a Magma search on subgroups G ⊆ GL(2,Z/4Z) shows
that if G is a non-abelian subgroup with full determinant map and an element corresponding to
complex conjugation, then G/[G,G] is isomorphic to one group in the set
T = {Z/2Z, (Z/2Z)2, (Z/2Z)3,Z/2Z× Z/4Z,Z/6Z,Z/2Z × Z/6Z}.
Comparing the lists S and T , and using the fact that Q(i, ζ9) ⊆ Q(E[9]) = Q(E[4]), we see that the
only possibility is that, if we write GE(4) = Im ρE,4 and GE(9) = Im ρE,9, then
GE(4)/[GE(4), GE(4)] ≃ GE(9)/[GE(9), GE(9)] ≃ Z/2Z× Z/6Z.
Let π2 : GL(2,Z/4Z) → GL(2,Z/2Z) and π3 : GL(2,Z/9Z) → GL(2,Z/3Z) be the standard reduc-
tions maps and let
Cns(2) =
〈(
0 1
1 1
)〉
⊆ GL(2,Z/2Z)
B(3) =
〈(
1 1
0 1
)
,
(
2 0
0 1
)
,
(
1 0
0 2
)〉
⊆ GL(2,Z/3Z)
Nns(3) =
〈(
1 0
0 2
)
,
(
2 1
2 2
)〉
⊆ GL(2,Z/3Z).
Then, a Magma search among subgroups of GL(2,Z/4Z) and GL(2,Z/9Z) shows that GE(4) must
be a subgroup of π−12 (Cns(2)) and GE(9) is a subgroup of either π
−1
3 (B(3)) or π
−1
3 (Nns(3)). Checking
the subgroups of each of the possibilities, we see that there are no subgroups of π−12 (Cns(2)), with
full determinant and an element that has determinant −1 and trace 0, that are isomorphic to a
subgroup of π−13 (B(3)) or π
−1
3 (Nns(3)) and thus it is not possible for Q(E[9]) = Q(E[4]). 
Remark 6.5. Before starting the proof of Theorem 1.6 we notice that Proposition 5.1 and Lemma
6.4 allows us to reduce the problem considerably. If E/Q, p, q,m, and n are as in the statement of
Theorem 1.6, then we must have that Q(ζqm) ⊆ Q(E[pn]). But by Proposition 5.1 this means that
either m = 1 or m = 2, and p = 2 and q = 3, but Q(E[9]) = Q(E[2n]) cannot occur by Lemma 6.4.
Thus, we must have m = 1.
Proof of Theorem 1.6. Proposition 5.21 implies parts (2) and (3) of the theorem, so it remains to
show (1). From Remark 6.5, we only have to consider the case of m = 1. That is, we suppose that
E/Q is an elliptic curve, p < q primes in Z, and n ≥ 1 such that Q(E[pn]) = Q(E[q]), and we aim
to show that pn = 2 and q = 3. By Theorem 1.7, we may assume Q(E[q])/Q is non-abelian.
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Le q > p ≥ 2. Since Q(E[pn]) = Q(E[q]), it must be that Q(ζpn) ⊆ Q(E[q]). From Proposition
5.21 and the work supporting its proof, and since q ≥ 3, if KE(q) = Q(E[q]) ∩Qab, then
Gal(KE(q)/Q) ≃


(Z/qZ)× E is surjective or exceptional at q,
(Z/qZ)× × Z/2Z E is Cartan at q,
(Z/qZ)× × C E is Borel at q,
where C is a cyclic group of order dividing q − 1. Again using the fact that Q(ζq) and Q(ζpn)
intersect trivially, it follows that Gal(Q(ζpn)/Q) ≃ C for some cyclic group of order dividing q − 1.
Moreover, if E is not Borel at q, then C ≃ Z/2Z. In the case that E does not have a q-isogeny,
the only prime-powered cyclotomic fields that are trivial or quadratic fields are pn = 2, 3, 4. So in
this case we would have that Q(E[2]) = Q(E[q]) (and therefore q = 3 is the only possibility), or
Q(E[3]) = Q(E[q]), or Q(E[4]) = Q(E[q]), but Lemmas 6.1 and 6.2 show the latter two cases cannot
happen.
Suppose then that E is Borel at q. First note that if p = 2 and n > 2, then Gal(Q(ζpn)/Q) is not
cyclic and therefore we reach a contradiction because C is cyclic (hence the only possibilities would
be Q(E[2]) = Q(E[q]) or Q(E[4]) = Q(E[q]) which have been already discussed above and lead to
Q(E[2]) = Q(E[3]) which we discuss below). Thus, assume p > 2. Since E is Borel at q, it follows
that [Q(E[q]) : Q] is a divisor of (q − 1)2 · q. We distinguish cases according to the type of image
modulo p. Let Gp = Im ρE,p ⊆ GL(2,Z/pZ).
• Suppose ρE,p is surjective, so that Gp = GL(2,Z/pZ). Then, [Q(E[pn]) : Q] is a divisor
of [Q(E[p]) : Q] · pk = (p2 − 1)(p2 − p)pk for some k ≥ 1 (this follows from the fact that
the kernel of the map GL(2,Z/pnZ)→ GL(2,Z/pn−1Z) is of size p4, and #GL(2,Z/pZ) =
(p2 − 1)(p2 − p)). If Q(E[pn]) = Q(E[q]), and q divides dq = [Q(E[q]) : Q], then q divides
(p2 − 1)(p2 − p)pk = (p − 1)2(p + 1)pk+1, but p < q so this is impossible. This would imply
that dq is a divisor of (q − 1)2, and Q(E[q])/Q is in fact abelian (the mod q image would be
contained in a split Cartan subgroup). However we have assumed Q(E[q])/Q is non-abelian.
• Suppose the image of ρE,p is exceptional. Then, Prop. 5.10 shows that Q(ζqm) ∩ Q(E[pn])
is trivial for any m ≥ 1 and any prime q 6= p, and therefore Q(E[q]) = Q(E[pn]) would be
impossible.
• Suppose the image of ρE,p is contained in the normalizer of a (split or non-split) Cartan
subgroup of GL(2,Z/pZ). Then, [Q(E[pn]) : Q] is a divisor of 2(p2− 1)pk or 2(p− 1)2pk, for
some k ≥ 1 (because #Cns(p) = p2−1 and #Cs(p) = (p−1)2). Thus, if Q(E[pn]) = Q(E[q]),
and q divides dq = [Q(E[q]) : Q], then q divides 2(p + 1)(p − 1)3pk, but p < q so this is
impossible. As before, this would imply that Q(E[q])/Q is abelian, a contradiction.
Hence, we have reached a contradiction in every case, and therefore Q(E[pn]) = Q(E[q]) is impos-
sible.
All that is left to complete the proof of Theorem 1.6 is to parametrize all the elliptic curves
that have Q(E[2]) = Q(E[3]). To do this we search GL(2,Z/6Z) for subgroups that have surjec-
tive determinant maps and such that the reductions maps π2 : GL(2,Z/6Z) → GL(2,Z/2Z) and
π3 : GL(2,Z/6Z)→ GL(2,Z/3Z) induce isomorphisms when restricted to the given subgroup. The
search yields two possibilities for Im ρE,6, namely
H1 =
〈(
5 5
0 1
)
,
(
2 5
1 3
)〉
and H2 =
〈(
1 1
0 5
)
,
(
2 5
1 3
)〉
.
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Elliptic curves with Im ρE,6 in H1 have a rational point of order 3, while elliptic curves with Im ρE,6
in H2 are a twist of the previous curves a curve by −3. Checking the genus of the corresponding
modular curves XHi using code from [25] we see that they are both genus 0 and since we have
seen an example of this exact image, we know that XH1 (and XH2) must have (infinitely many)
rational points. Computing a model for XH1 , we get exactly the elliptic curve over Q(t) that is in
the statement of the theorem, and the twist by −3 produces the parametrization of elliptic curves
with image H2. This completes the proof of the theorem. 
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